ANALYTIC METHOD FOR DETERMINING NONEQUILIBRIUM
PARAMETERS OF AN AIR PLASMA IN A LAVAL NOZZLE
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The hierarchy of relaxation times of physicochemical processes ocecurring in an air plasma
is examined. An engineering method for determining the nonequilibrium parameters of the
plasma in a Laval nozzle is proposed. ‘

Flows of relaxing gaseous media with sharp gradients and breakdown of equilibrium distribution of
energy over the degrees of freedom of separate particies, changing the thermodynamic and thermophysical
properties of the gas flow, which must be determined in order to perform laborious numerical calculations

involving a large amount of computer time, are studied in a number of applied problems of gas dynamics
[1, 2].

In addition to numerical methods, approximate analytical methods based on Bray's concept, which
substantiates the model if instantaneous freezing of physicochemical processes in expanding flows of ideally
dissociating gas, are also widely used [3, 4]. Under the conditions of flow of relaxing gases with sharp gra-
dients, the instantaneous freezing model has been confirmed both numerically and experimentally to analyz-
ing real gases [5, 6] and it was later extended to the case of vibrational relaxation [7] and chemically react-
ing media with complex composition [8].

According to Bray, the entire flow field can be divided into two sections: equilibrium and frozen, the
houndary between which is determined by the section or, in the one-dimensional approximation, by the point
of instantaneous freezing (PIF). In the case of a chemically reacting mixture, each component subjected to
freezing has its own PIF. In a number of papers, to determine the PIF of the components, their equilibrium
rate of change is equated either to a single determining recombination reaction rate [9] or to their algebraic
sum [10]. In so doing, it is assumed that the exchange reactions occur practically at equilibrium.

These approaches are fundamentally incorrect, since the rate of transformation of the components is
determined not by one or several slow three-particle recombination processes, but by exchange (chain)
elementary chemical acts. And, the effect of recombination reactions becomes appreciable only at high den-
sities of the medium.

In [11], to determine the PIF, the average molecular weight of the combustion products was chosen as
the frozen parameter. This approach is justified if the main purpose of the calculation is to find the integral
characteristics of the flow. A more correct approach from our point of view is to determine its PIT charac-
teristics from the total enthalpy of the mixture [12], since the molecular weight, as will be shown in what
follows, is insensitive to the values of the parameters at PIF,

In this paper, an engineering analytical method is proposed for determining the nonequilibrium para-
meters of a relaxing medium in a state of flow with a sharp gradient. In so doing, we examine the stationary
one~dimensional flow of an ideal gas mixture through a Laval nozzle neglecting viscosity, heat conduction, and
diffusion. The difference between this method and the methods mentioned above lies in the fact that the PIF of
each component of the medium, in determining the nonequilibrium composition and vibrational energy, is found
by comparing the characteristic time scale of the gasdynamic flow process to the corresponding effective va-
lues of its chemical and vibrational relaxation times [13, 14], including all the basic physicochemical proces-
ses in which the component examined participates. To determine the boundary separating equilibrium and
frozen sections of the gas flow in the nozzle and the parameters of the flow, we used the idea of a point of ins-
tantaneous freezing of enthalpy (PIFE) of the gas as an energy factor, which reflects more completely the
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TABLE 1. Rate Constants of Physicochemical Processes in an Air
Plasma [18-20]
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tant was corrected taking account [19]; M is any component of the

plasma.

process of internal physicochemical transformation in multicomponent gas mixtures. Since the concept of
ingtantaneous freezing assumes isoentropicity of the equilibrium s and frozen £ expansion processes of the

relaxing gas [15], for the processes indicated (or sections of the flow), it is possible to determine the effec-

tive values of the adiabatic exponent and the molecular weight. This permits using to a good approximation,

gasdynamic functions in the calculations [16] that express the instantaneous values of the flow parameters in
terms of the reduced flow velocity A .

As the relaxing medium, we shall examine an air plasma with 2 working temperature range 2000-6000°K
and working pressure 0.01-100 bar. Under these conditions, the plasma is mainly a mixture of eight compo-
nents: Ny, Oy, NO, N, O, Ar, NO', and e, between which the following reversible chemical reactions occur

[17]:

0, +M

-+

K

5.1V =0 = 0+ M,

K;

Neg+ M4 98V=N-+-N-+M;

NO-+M-+6.5eV=N—+ 0+ M,

NO -0 -1,

4eV =0, + N;

Ne+ 0+ 3.3V=NO -+ N;

N, + O, 4- 1.9V == NO - NO;
N O+ 2.8V == NO* + e.

The exchange of vibrational energy between the components of the plasma in the single-quantum approximation
can occur along the following channels [18]:
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Fig. 1. Vibrational relaxation times of molecular compo-
nents of an air plasma at pressures P = 0.01, 1.0, and

100 bar: a) 1—Ny—Ny; 2.7—Ny—0,; 3.8—N,—NO; 4—N,—N;
5—Ny—0; 6 ~Ny—AT; b) 1—0,—0y; 2~0y—Ny; 3—0y~NO;
4—0,—N; 5—0,—0; 6~0y,—Ar; ¢) 1~-NO~NO; 2—NO—Ny;
3,7 =~ NO—0,; 4—NO~N; 5—NO— O; 6—NO— Ar; the continu-
ous and dashed lines show the VT and VV' relaxation times,
respectively; I-III is the effective value of the relaxation
time, sec. T,°K.

Ny (8 = 0) - NO(® = =N, (8 = 1) - NO (8 = 0); ' ®)
NO (@ = 0) 4 0, (8 = 1)==NO (& = 1) 4 O, (& = 0); (9)
Np(@ =0)+ 0y (8 = )=N; (9 = 1) - O, (8 = 0); (10)
No(@ =0)+M==N, (0 = 1)+ M; (11)

NO@® =0)+ M=NO®H = 1)+ M, (12)

0, (8 = 0) + M=0, (8 = 1) + M. 13)

Here M is any component of the plasma; K; and 123» are the forward and backward rate constants of the j-th
process, j=1, 2, 3, ..., 13.

The interaction mechanism presented was analyzed assuming a quasiequilibrium flow of the physico~
chemical processes in the vibrational energy space of molecules, modeled as harmonic oscillators. In this
case, the anharmonicity of the vibrational exchange was included by making appropriate corrections when
examining the relaxation times and vibrational energy. The rate constants of the physicochemical processes

used, from data in [18-20], are summarized in Table 1.
The position of the PIF of the plasma components can be found from the condition
(14)

Ct* = T;,

is the

where 7 is the relaxation time of the i-th component in the physicochemical process; ¢, = t T

characteristic time scale of the gasdynamic process; ¢ is a constant of order unity [8, 13].

Since the relaxation time by definition [21] is a function of equilibrium parameters, it can be used in
the region T =< ctx, i.e., up to PIF, in the equilibrium region of variation of parameters and the composition
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of the medium. The characteristic time scale in the case of the adiabatic—isoentropic flow depends on the
stagnation parameters and the geometrical dimensions of the nozzle. Thus, to determine the gas parameters
at the PIF, it is not necessary to solve the equations of physicochemical kinetics. However, it is still neces-
sary to solve numerically the equations of gasdynamics and a system of transcendental algebraic equations
determining the equilibrium composition and relaxation time.

The method can be greatly simplified by finding the analytic dependences 7 = £ (P, T) and tx on the gas-
dynamic parameters of the medium and the shape of the nozzle. Using (14), they permit finding the criterion
for determining the parameters at the PIF, analogous to that presented in {7, 17]. Such a dependence for tx
is presented in [17] for a conical nozzle with a critical section with radius r«. An analogous relation can also
be obtained for a slit supersonic nozzle, formed by blades consisting of two half-cylinders with diameter d,
triangular prisms with half-angle @ and gap 0x in the minimum transit section:

PN I C T (15)
Anhs (my — nh2)% V E.RT,

where ¢y = l/\f{1+ gD[l—l“l(ms'ns)\z)“@s]}“2~1 for A< lLand ¢ = 0x/d; ¢; = L/tan & for 2 > 1.

As is evident from (15), the characteristic time scale is proportional to the height of the critical section
of the nozzle and depends least on the molecular weight and stagnation temperature Ty of the flow. Therefore,
the use of the molecular weight to find the parameters of the medium at the PIF can lead to an additional metho-~
dological error.

Let us examine the relaxation times in the air plasma. Assuming that for the chosen range of parameters,
the vibrational degrees of freedom of the molecular components have time to come into equilibrium with the
translational degrees of freedom [17, 22], we shall analyze only the slowest processes: vibrational and chemi-
cal relaxation, as well as relaxation of the electron temperature.

The vibrational relaxation time in mixtures of molecular gases with flow in nozzles can greatly differ
from the experimental values obtained in shock waves for "pure" gases [1]. Vibrational —vibrational (VV')
energy exchange between different molecules can occur in mixtures of molecular gases together with VT and
VV exchange of vibrational quanta. It is shown in [23, 24] that the vibrational relaxation time of nitrogen in a
mixture with oxygen or a small admixture of nitrogen oxide is much smaller than for pure nitrogen. At high
temperatures, dissociation is also important. In addition, the harmonic oscillator model, which is completely
acceptable for examining processes occurring in shock waves, requires that anharmonicity be included in the
case of flows in nozzles, where as a result of recombination processes the upper vibrational levels of mole-
cules are greatly populated [1]. Here, VV exchange is excluded from the analysis, since it does not change the
total vibrational energy of the molecules. As far as the relaxation times are concerned, for adiabatic colli-
sions, occurring in an air plasma, the inequality 7?{ T 'rg/ V is as a rule satisfied for the harmonic oscilla-
tor model [25]. The problem of the ratio of the VT and VV' relaxation times requires numerical analysis of
the relaxation processes (8)-(13). The availability of experimental [18] and computational [19] data on relaxa-
tion constants permits using for this purpose the standard technique and analytic dependences for T VTh and
TVV'h, presented in (1, 25].

The computed temperature dependence of the vibrational relaxation times for Ny, Oy, and NO in an air
plasma is presented in Fig. 1 for three values of the pressure (0.01, 1.0, and 100 bar). Itis evident from the
figure that at high temperatures and moderate pressures, the condition for slowed VV' exchange is satisfied
for the effective relaxation times of N, and NO {25]:

LAY (16)
related to the high degree of dissociation of molecular oxygen and nitrogen oxide. In this case, atomic oxygen
and nitrogen make the main contribution to VT exchange of vibrational energy at high temperatures.

The dependence of the effective relaxation time of vibrational VT exchange of the basic molecular com-
ponents in an air plasma on the temperature and pressure can be represented in terms of the following ap-
proximating polynomials: o

Ig T,y = 156 (271 4 4,04 1gZ — 4,33) — 0.26 g P(Z™1 4- 7.28 1g Z + 3.6);
1gTid, = 0.82(Z1+ 3.871gZ —8.75) —0.181g P (Z™* + 6.39 1g Z + 4.89); (17)
(17)

1§77 Noy = 0.97 (274 + .13 1g Z —7.9) — 0.07 Ig P (274 4.731g Z + 12.52)-
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Fig. 2. Chemical relaxation times for components in dn
air plasma at pressures P = 0.01, 1.0, and 100 bar: 1-7)
number of chemical reactions; I-VI) effective values of
the relaxation time, sec.

Here and in what follows, Z = T-107™,°K; P, bax; ‘FX)T , sec. The error in determining 7 VY from (17) does
not exceed 20% in the indicated range of temperatures and pressures.

The effect of anharmonicity on the value of the vibrational relaxation time for a VT process, when the
condition Ty; < @yy/In v;' is satisfied, can be included by the correction [1]

e T 1 —v; exp (— ®Vi/THi)]2 (18)
n; = o )
’L’K { 1 —exp (— Ovi/Tws)
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where '~ exp (1.87@%3 Tf{i/ Bxei), Since before the corresponding PIF, the vibrational temperature of the
molecules equals the translational temperature, and after the PIF Ty; = const, the working relations for find-
ing ni‘ can be specified and represented as a function of the transiational temperature:

', = 05427% % exp (— 0,056/2); 1d, = 0. 36Z7""" exp (— 0.083/Z); {19)
ko = 0.4127° " exp (— 0.077/Z).

We shall now analyze the chemical relaxation time. The technigque and analytic dependences for finding
it were obtained in [21, 26]. For an air plasma, the working relations for 'riCh are presented in [14].

In this paper, in calculating the chemical relaxation times, whose temperature dependences are pre-
sented in Fig. 2 for three values of the pressure (0.01, 1.9, and 100 bar), averaged values of the recombina-
tion rate constants I—f] were used [20]. The values of the forwa{'d rate constants for the reactions Kj were
found using the equilibrium constants. Under conditions when T3 = t, this approach does not give rise o any
doubts, since in this region each component is located near a state of thermodynamic equilibrium.

It is evident from the figure that the three-particle recombination reactions have an appreciable effect
on the value of the effective relaxation time only at high plasma pressures. For medium and low pressures,
Ya. B. Zel'dovich's chain mechanism is determined [21], which confirms the validity of cur remarks concern-
ing the techniques examined above [9-11].

The temperature and pressure dependence of the effective chemical relaxation time of the components
in an air plasma can be represented in terms of the following polynomials:
g Ty = 1.42(Z7 +91g Z —3.5)— 0.51g P (— Z™1 -+ 23,33 1g Z - 39.92);
g Tty = 1,75(Z 71 4-2.51gZ —4) —0.61g P (- 7.51gZ -+ 2.18);
1g Tiko) - 3.34 (271 - 2.31gZ — 2.99) — 0.231g P(Z™ 4+ 9.1 1g Z + 3.54):

lg i, = 3.82(Z7 - 2.81gZ — 2,31) — 0,37 g P(Z7 + 8,38 Ig Z -+ 2.92); (29)
1gTih, = 3,27 (27 + 1.321g Z — 3.55) — 042 Ig P (Z* + 6,57 1g Z + 1, 24);

1g oy = 2,22 (24 -+ 069 1g Z — 4.55) — 0.5 1g P (Z71 + 6.821g Z 4 1.33).

The error in determining TiCh from {(20) does not exceed 50% in the temperature and pressure ranges exa-
mined.

The points of instantaneous freezing of each of the plasma components have their own instantaneous
values of the thermodynamic flow temperature T = £(1) and pressure P = (X}, which are the starting data for
finding the equilibrium composition of the flow at PIF. The frozen particles of the plasma practically do not
change their molar mass concentration affer PIF right up to the nozzle exit. The influence of components sub-
jected to previous freezing on the position of the PIF of the remaining components is negligibly small, as de-
monstrated by the numerical calculations. The following material balsnce relation can be taken as the cri-
terion for accuracy in determining the nonequilibrium composition in the frozen flow of an air plasma:

Yoo+ Ynoy -+ 2vy)
Yo+ Tonvoy 4 29c0,

= const. 21)

In the range of temperatures and pressures indicated, breékdown of icnization equilibrium with efflux
of plasma from the nozzle occurs not only due to freezing of the ion and electron density, but also due o the
deviation of the electron temperature Tg from the translational temperature of the heavy particles.

The effective relaxation time of the electron temperature [21] is found from the eguation

-1 —1 —1
Te =Ty + Teas 22)
where the relaxation time for exchange of energy between electrons and ions 7pq and between electrons and

neutral particles To, in an air plasma can be determined from the following relations:

3/2
73/

Ty = 12401077 ——
¢ Pyovo+) InA
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here P is in bar; p, kg/m% v, kmole/kg; Q, , m% 7, sec.

To illustrate the computational technique, we shall examine a specific example of efflux of an air plasma
from a flat Laval nozzle. The stagnation parameters of the plasma are: T; = 5000°K; P, = 1 bar; a, = 1447 m/
sec; kg = 1.22; py = 23.9. The geometric dimensions of the nozzle arve d = 2-10~° m; o =15°; 6k = 2-10~4 m; and
H = const.

The characteristic time scale (curve 1), the vibrational and chemical relaxation times, and the relaxa-
tion time of the electron temperature are presented in Fig. 3 as a function of the reduced velocity A with adia-
batic—isoentropic expansion of the air plasma in the nozzle. The points of intersection of the curve 1 with the
remaining curves correspond to the PIF of vibrational energy, electron temperature, and plasma components.

The position of the PIF of the enthalpy of the ﬂow is found from the condition Ig4(T) = If(T), expressing
the equality of the enthalpy of the equilibrium Ig(T) and frozen If(T) regimes of the gas flow in the transitional
region. In this case

I, =I,—a3®, (1 —T/Ty); (24
M A
Iy = Z([i+AEVi) Vif Zlmﬁ (25)
ROy,

N - h_ AES:): Ehi:__—-——————.
AEVL EVL (EVt + Vl)v V. exp (@V;/T) 1 (26)

Here Ef i (3/mole) is the frozen value of the vibrational energy of the i-th molecular component (before PIF
Ey; =Elvi+ AE%y;); AE%y;j is the correction to the vibrational energy that includes the anharmonicity of
the vibrations and their interaction with molecular rotation [27].

The working relations for finding AEvyj can be specified and represented as functions of the temperatures
TV and T:

1.41/2,\,__1-‘ 1.4”2—1 4

7, 6.59 Z +6.59
AEy o, — 2870 [ 23 _ , 27
Vs (1.25”Zv_1 12577 1 ) @0

AEye, = 2315(Zv—i— 1221 Z 412,21 ) .

- 7. 1+ 8.12 7+ 8.12
AEV(NO) —2807( 1_3V11/Zv_1 _-1.31”Z——1 ) .

The function If(T) is almost linear, so that relation (25) can be represented in the form

If:cpr+ A, (28)

M A
where ¢,;=AI/AT; A= E (AH] + AEyilr—o) vis + E A,H? vi;. Here AfH(i) is the formation enthalpy of the i-th

component in the standard state at T = 0°K.
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TABLE 2. Comparative Characteristics of an Air Plasma at the
Nozzle Cut Off in Equilibrium (s, first row) and Real (s-f, second
row) Efflux Processes (T, K; P, bar; W, m/sec)

Composition, kmole/kg

L{OSTE (N S LA I 0 Mo R Py 107 Y010t vNo+y 18] wany- 10t
2,67 68,28 4,96 0,033 3,79 0.,0456 3,35
2,61 1,79 8,71 3810 134 11605 3,35

1
Te po1e? Wne T (N T ) l 74iNO) { Te
2190 1,04 3266 2190 2190 2190 2190
1092 0,58 3076 4704 3994 3419 4083

The plasma parameters at the PIFE and its location are found from the relation

3

2o ! /s \ 9
T*:‘(_.____.___[” o9, A_.)- P*:POKT ) .

Cps — ag®, Ty ' (29)

&\ B,
P*:Po —T—\x ~; WV*:Q’U
Ty}

g/
E ‘/ mg (1—THT), F*— 0,.H
s ¥ (g — ngh*2)%s

while at the nozzle exit, it is found from the solution of the system of equations

20, (1 —T7/Ty);

Whe= 14 2(ly—cpihe—A); Ef = 1/2 Vigs

i

P
W F — o*W*F= elts . 30
fe neﬁ‘e_ orWEES pneﬁ‘an ’ (30)
: ne

Pee _ (&)N; by o
Cps — Ripy

The system (30) can be reduced to an equation with a single unknown T:

* * \ Of .
W%(%) = Vs = tp e A), (31)
ne e

after determining which, there is no difficulty in finding the values of the remaining parameters,

The computed equilibrium values of the parameters of an air plasma in the exit section of the nozzle
(s-f), as well as the value of plasma parameters with equilibrium adiabatic —isoentropic efflux (s) are pre-
sented in Table 2 for given initial conditions (T, Py). Analysis of the results of the calculation shows that
nonequilibrium processes have a considerable effect on the temperature and pressure and quite insignificant
effect on the velocity and density, and therefore, on the velocity head and stagnation pressure. The error
in determining the nonequilibrium composition, found from (21), is about 2%.

Dissipation of energy and heat exchange with the external environment can be included by comparatively
simple experimental measurements of heat transfer to the nozzle wall (ngnd) and the static pressure at its
exit (Plele)' The effect of heat exchange on the degree of cooling of the gas and, therefore, on the position of
the PIF of its components in the initial (accelerating) section of the nozzle is comparatively small and can be
included, when necessary, with a small correction in the relation for ty. Inthis case, the velocity of the
frozen flow and its temperature at the nozzle exit at fixed stagnation enthalpy of the flow at the inlet I, and gas
flow rate G are determined by relations following from the equations of energy, state, and continuity:

e ~—
- WP.Q% (32)
ne ne Rg ’
e- e
éi F
0 5ere+ CprC};f W (10 —A __Q((;ool\} -0
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Analysis of the hierarchy of effective values of the relaxation times for physicochemical processes in
an air plasma, as the plasma expands in small nozzles, whose transverse cross-sectional area varies ac-
cording to a power law F ~ X, shows that such flows can be successfully calculated using equilibrium phy-
sicochemical kinetics. The following inequalities are satisfied for its basic macrosystems, including molec-
ular and atomic particles, in the indicated range of temperatures and moderate pressures: 76B » 7V » 7R >
7T, For this reason, chemical relaxation, occurring primarily through exchange reactions accoxrding to the
scheme

2N 20,
N NO =N,

ocecurs practically under conditions of equilibrium flow of intermolecular vibrational exchange (see Fig. 3).
The use of multilevel physical kinetics in the analysis of analogous systems will not fundamentally change the
results obtained, since it, to a large extent, will lower the vibrational relaxation time of the molecular com-
ponents [25].

The interrelation of the relaxation processes and chemical transformations in gases has now been stu-
died well only in the case of thermal dissociation of pure molecular gases [25]. For exchange chemical reac-
tions, which are determining in the chemical kinetics of an air plasma, there are practically no such dafa.
The dependences presented in [20] (see Table 1) permit estimating in a first, quite rough approximation the
effect of the nonequilibrium nature of processes on the values of the rate constants of exchange reactions.

The proposed method differs from the simple determination of nonequilibrium values of parameters, It
can be used in cases when aside from the integral characteristics of the efflux process, it is necessary to
know the frozen composition, temperature of internal degrees of freedom of components, as well as the effect
of the geometric dimensions of the nozzle on the degree of deviation of the composition and parameters of the
gas flow from its corre sponding equilibrium values.

NOTATION

T and Ty, temperatures of the translational and vibrational degrees of freedom of the gas; ®vji, char-
acteristic vibrational temperature of the molecules; P, pressure; p, density; 14, molecular weight; i, effec~
tive molecular weight; k, adiabatic exponent; k, effective adiabatic exponent; W, velocity of the flow; @, velo-
city of sound; Ij, specific enthalpy of the i-th component; cp, heat capacity of the gas; R, universal gas cons-
tant; Vi Ya molar-mass concentration of any i-th component of the gas and its neutral particle; Qq, effec-
tive cross section of elastic electron—neutrals collisions; InA, Coulomb logarithm of electron—ion interaction;
Xg, Spectroscopic constant; EhVi’ specific vibrational energy of molecules in a system of harmonic oscillators;
'rhV, T(y, vibrational relaxation times for systems of harmonic and anharmonic oscillators; ™R, 7T, relaxation
times for the rotational and translational degrees of freedom; Tj, effective relaxation time of the i-th compo-
nent in the physicochemical process; I, cross sect_ion_of the nozzle; A = W/ax , rgduced velocity; mg = 0.5
(kg + 1)5 ng = 0.5 (kg —1); @g = (ks —1); Og = Ogkgs ke = (kw —ko)/In (ks —Ko); #s = (x = ko) /In (x ~ )5

A M
@f=1/ (kg — 1); B = ®¢ks; and E, 2 , indicates summation over atomic and molecular components. The
“ -

12

indices are as follows: 0, stagnation parameters; s, equilibrium values; f, a frozen value; *, at PIF enthalpy;
*, at the critical section of the nozzle,
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